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We calculate the coupling constant and decay width of the decuplet to octet baryon transitions
in lattice QCD using the transfer matrix method. The transition amplitude is related to the cou-
pling constant and via the Fermi’s Golden Rule to the decay width. The method is applicable for
near-degeneracy of the energy levels of initial and final states and, when this condition is fulfilled,
yields a good estimate of the decay width. We present results using a hybrid action with domain
wall valence quarks on a staggered sea with 350MeV pion mass as well as for a domain wall
fermion action with 180MeV pion mass. We find Γ(∆→ piN) = 119(8)(8)MeV for the transi-
tion of Delta to pion-nucleon within the unitary domain wall setup. We also report values for the
decay widths of the Σ∗ and Ξ∗ baryons.
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1. Introduction
The calculation of baryon resonances from first principles in lattice QCD is a challenging
task. Physical decays cannot be observed directly in Euclidean space-time and finite volume. One
method devised to circumvent this no-go theorem in lattice QCD is given in Ref. [1, 2], where
a relation between energy shifts in finite volume and phase shifts in infinite volume was derived.
The original method has been extended substantially and applied successfully in studies of various
meson-meson scattering processes. A first application including baryons was presented in Ref. [3].
This finite volume method requires precise knowledge of energy levels in finite volume arising
from either simulations with multiple lattice volumes or calculations in multiple moving frames
making this approach for baryons computationally intensive.
An alternative method has been proposed in Ref. [8], which is based on the computation of
the overlap of the decuplet and octet-pion states on a finite lattice. This matrix element for the
transition is then converted to the decay width of the resonance. The diagram in figure 1 depicts
B∗, ~pB∗ B, ~pB
M, ~pMg
B∗
M B
M − B − bound state
Figure 1: Diagrammatic representation for transition B∗→M B for a decuplet baryon B∗ to a meson - octet
baryon M B scattering state. The strength of the interaction is parametrized by the coupling gB
∗
M B.
the approach considered here, namely a decuplet baryon resonance state B∗ couples to a meson -
octet baryon state M B. The strength of the interaction is parametrized by a coupling constant gB
∗
M B,
which is identified by matching to leading order effective field theory. In all the cases considered
in this work the meson M is the pion.
2. Transfer matrix method
The transfer matrix method for a hadronic resonance state B∗ strongly decaying to a two-
hadron scattering state M B assumes that the energy levels of the initial and final states are firstly
sufficiently close to each other and secondly sufficiently separated from the next higher lying state
in the spectrum. Up to exponentially suppressed corrections we can then consider the lattice trans-
fer matrix in the sub-space spanned by |B∗〉, |M B〉,
T = e−aE¯
exp
−aδ/2 ax · · ·
ax e+aδ/2
...
. . .
 , (2.1)
where x denotes the desired transition amplitude. In this sub-space the lattice correlation func-
tion 〈B∗, t f |M B, ti〉 can then be parametrized in terms of the averaged energy of the states, E¯ =
(EB∗+EMB)/2, the energy gap δ = EMB−EB∗ and the transfer matrix element x as in Eq. (2.2):
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action L3×T mPS/MeV a/ fm L/ fm L5/a Nconf Nsrc
hybrid 283×64 350 0.124 3.4 16 210 4 indep.
unitary 323×64 180 0.143 4.5 32 254 4 coh.
Table 1: Parameters for the two ensembles used in this work. The last two columns give the number of gauge
configurations analyzed and the number of measurements per gauge configuration. For the hybrid action
these consist of 4 independent measurements per configuration, whereas for unitary action 4 measurements
are done using the coherent sequential source approach.
using the notaton T = t f − ti we thus write
〈B∗, t f |M B, ti〉 = 〈B∗ |e−H T |M B〉= 〈B∗ |T T/a |M B〉= ax sinh(δ T/2)sinh(aT/2) e
−E¯ T , (2.2)
=
[
axT +O
(
δ 2 T 3
)]
e−E¯ T + . . . . (2.3)
Eq. (2.2) gives the sum of amplitudes for a single transition in Euclidean time space for ti ≤ t ≤ t f
for a time interval T = t f − ti. For sufficiently small T δ the hyperbolic sine can be linearized and
we have the leading time dependence as given in Eq. (2.3) where the ellipsis represent contributions
from multiple transitions, excited states and mixing with other states.
3. Lattice calculation
We perform the calculation using two gauge field ensembles: one with a hybrid action using
domain wall valence quarks on a sea of N f = 2+1 staggered fermions at mPS = 350MeV [10] and
one with N f = 2+ 1 domain wall fermions at mPS = 180MeV [11]. Initial results for the hybrid
action were reported in Ref. [9] and recent results for the unitary domain wall fermion action have
been given in Ref. [12]. We compile the parameters for the two ensembles used in our calculations
in Table 1. .
We consider the following transitions
∆ → piN , Σ∗→ piΛ , Σ∗→ pi Σ , Ξ∗→ piΞ (3.1)
in the positive parity channel. In all four cases the energy level of the initial and final states are
the lowest lying states in the spectrum. Fig. 2 shows the relevant energy levels as measured in our
lattice calculation As can be seen, in the case of the hybrid action there is a significant energy gap
between the B∗ and M B states for all transitions. For the case of the unitary action the energies are
much closer and thus the applicability criteria of the transfer matrix approach are better satisfied.
This is particularly so for the case of ∆→ piN and to a lesser degree still for Σ∗→ piΛ, where we
have a near-degeneracy of energy levels.
To extract the amplitude x in Eqs. (2.2) and (2.3) we construct a suitable ratio of single- and
two-hadron correlation functions
RB
∗
MB,k
(
t f − ti, ~q,~k f ,~ki
)
=
CkB∗−MB(t f−ti,~q)√
CB∗−B∗ (t f−ti)×CMB−MB(t f−ti,~k f ,~ki)
. (3.2)
3
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Figure 2: The low lying energy levels for the decuplet ∆, Σ∗, Ξ∗ and octet N, Λ, Σ∗, Ξ baryons and pi for
the hybrid (left) and unitary (right) action. In each of the three panels, the left column displays the values
of the masses (zero spatial momentum), whereas the right column shows the energy level for one unit of
momentum |~q| = 2pi/L. The 2-hadron energy levels are approximated by the sum of the single-hadron
energies EM B = EM +EB. The transitions given in Eq. (3.1) are marked by black arrows.
Here CB∗−B∗ and CMB−MB are the 2-point correlators for the states B∗ and MB, respectively, and
CkB∗−MB is the transition 2-point correlation function. The two-hadron interpolating field, taken
as the product of single-hadron interpolating fields, is approximated by the quark-disconnected
(direct) diagram, which amounts to CMB−MB ≈CM−M ·CB−B. We project to zero total momentum
and assign one unit of relative momentum |~q| = |~k| = 2pi/L to the M− B−state. The explicit
projection to spin-3/2 and taking the meson to be the pion will then ensure the desired predominant
overlap of the decuplet spin-3/2 state with the M−B−state at angular momentum l = 1 and thus
positive parity. The ratio is then averaged over all six momentum directions as well as forward and
backward propagation.
Fig. 3 shows our results for the ratio R∆piN as an example. For both hybrid and unitary action
we observe a time interval, where the time-dependence of the ratio is consistent with the linearized
form in Eq. (2.3). We note, that the time-interval, in which a meaningful estimate of the ratio is
available is limited by i) the oscillatory behavior of the domain wall fermion correlation functions
at small times [14], and ii) by the stochastic error of the correlator CB∗−B∗ that grows exponentially
with time and which enters the ratio with an inverse square root. To extract the overlap x we fit the
ratio using the fit ansätze
f1(t) = c0 + c1
sinh(c2 t/2a)
sinh(c2/2)
, f2(t) = c0 + c1
t
a
+ c2
( t
a
)3
+ . . . (3.3)
with ax = c1. f1(t) is derived from the expected time-dependence of the ratio when the lowest two
states with an energy gap dominate, amended by a time-independent off-set, which accounts for
contributions from excited states. f2(t) is an expansion of f1(t) assuming a small energy gap and
contains free odd-power polynomial coefficients from which we keep up to the three leading ones,
nemaly c0, c1, c2.
In Fig. 4 we compile sample fit results for the unitary action for all four transition amplitudes.
We find that the data cannot constrain more than 3 fit parameters. Including c2 already leads to
high correlation among the fit parameters and large fluctuations of their values in the bootstrap
sampling. In addition, for the two transitions ∆→ piN and Σ∗ → piΛ we can find a range of fit
4
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Figure 3: Ratio R∆piN for the hybrid (black downward triangles) and unitary action. For the latter we show
two different ways to combine data for individual momenta and forward and backward propagation; the data
marked by red stars is used in the rest of the calculation. The detailed plot shows the time-dependence of the
uncertainty of the ratio.
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Figure 4: Samples of fit results for all four considered ratios for the unitary action: R∆piN (top left), RΣ
∗
piΛ (top
right), RΣ
∗
pi Σ (bottom left) and R
Ξ∗
piΞ (bottom right). The notation is the same as that of Fig. 3.
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process unitary hybrid PDG
∆++↔ pi+ N+ 23.7(0.7)(1.1) 26.7(0.6)(1.4) 29.4(0.3)
Σ∗+↔ pi+Λ 18.5(0.3)(0.5) 23.2(0.6)(0.8) 20.4(0.3)
Σ∗+↔ pi+Σ0 16.1(0.3)(1.9) 19.0(0.7)(2.9) 17.3(1.1)
Ξ∗−↔ pi−Ξ0 21.0(0.3)(0.3) 25.6(0.6)(4.3) 19.4(1.9)
Table 2: Results for the coupling gB∗M B. For each transition (first column) we show our result for the coupling
with the unitary (second column) and the hybrid action (third column). The fourth column gives the coupling
based on experimental values for the baryon and meson mass and the decay width [15] using leading order
effective field theory. The uncertainties are statistical and systematic.
process unitary hybrid PDG
∆++↔ pi+ N+ 119.4(7.9)(4.5) 238.5(12.2)(16.2) 118(2)
Σ∗+↔ pi+Λ 54.5(2.1)(1.3) 143.9(7.4)(6.1) 31.3(8)
Σ∗+↔ pi+Σ0 17.6(0.8)(2.1) 58.3(3.4)(6.8) 4.2(5)
Ξ∗−↔ pi−Ξ0 35.1(1.1)(0.4) 126.0(5.6)(18.5) 9.9(1.9)
Table 3: Results for the decay widths ΓB∗M B. We compare our result for the unitary (second column) and
hybrid (third column) action with the experimental value [15] (fourth column).
intervals, where we obtain χ2/dof ∼ 1 and stable results for the parameter c1 across the different
fit ansätze and fit ranges. For Σ∗→ pi Σ we observe larger changes in the parameters as we vary the
fit ranges and very few fit ranges with a χ2/dof≈ 1.
The coupling is determined using the value of c1 extracted from the fits via Eq. (3.4)
gB
∗
MB = c1
√
NB∗ NMB
VCCG
2mB
|~k|
(
1
3
EB(~k2)+mB
mB
)−1/2
, ΓB
∗
M B = 2pi
[
2c21
2sB∗+1
]
ρ(EMB) , (3.4)
where sB∗ = 3/2 denotes the spin quantum number of the decuplet baryon.
4. Conclusions and Outlook
We compile our results for the coupling and width for all investigated transitions in Tables 2
and 3. In Table 2 we compare the results for the coupling constant for the unitary and the hybrid
actions with the coupling at leading order in effective field theory (LO EFT) using as input the
experimental values for the width and masses of of pion, decuplet and octet baryons [15]. In our
calculation with both the hybrid and the unitary domain wall actions, the coupling constants are
close to the value obtained using LO EFT. This is remarkable given the size of the pion mass
especially for the hybrid action, which is 350MeV and the non-degeneracy of energy levels.
For the decay widths, given in Table 3, we find very good agreement with the experimental
value for the ∆→ piN transition when computed using the unitary action. This corroborates the
expectation, that the degeneracy of energy levels is a vital condition for the applicability of the
transfer matrix method. For the transition Σ∗→ piΛ this condition is less well fulfilled and the decay
width is off by 50%. Moreover, the relative momentum in the pi−B−state is fixed in physical units
to |~q| = 2pi/L by the lattice parameters, which amounts to ≈ 270MeV for the unitary action and
≈ 360MeV for the hybrid action. For the transition ∆→ piN with the unitary action this is close to
6
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the corresponding experimental value of 227MeV. For the three remaining decays Σ∗→ piΛ, pi Σ
and Ξ∗→ piΞ the experimental value is 205MeV, 120MeV and 158MeV, respectively, and thus at
greater discrepancy with the lattice kinematics.
From this study we conclude that the transfer matrix method is a viable approach for the
calculation of couplings and widths for a single channel transition provided the respective energy
levels are almost degenerate and the lattice kinematics close to the physical ones. The next steps
to consider towards an improved implementation of the method, are the addition of the quark-
disconnected diagrams for the meson-baryon two-point correlation function and the inclusion of
moving frames. The latter in particular will give a handle on both the size of the energy gap
between initial and final state and on the relative momentum of the meson-baryon state.
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